In this paper, a new type of contraction for several self-mappings of a metric space, called FM -contraction, is introduced. This extends the one presented for a single map by Wardowski [Fixed points of a new type of contractive mappings in complete metric spaces, Fixed Point Theory Appl., 2012Appl., :94, 2012. Coincidence and common fixed point of eight self mappings satisfying FM -contraction conditions are established via common limit range property without exploiting the completeness of the space or the continuity of the involved maps. Coincidence and common fixed point of eight self-maps satisfying FM -contraction conditions via the common property (E.A.) are also studied. Our results generalize, extend and improve the analogous recent results in the literature, and some examples are presented to justify the validity of our main results.
Introduction 2 Preliminaries
We denote as usually the set of all real numbers by R, the set of all positive numbers by R + and the set of positive integers by N.
First of all, we recall the concept of F -contraction introduced by Wardowski [22] . Let F be the family of all functions F : R + → R satisfying the following conditions:
(F1) F is strictly increasing, i.e., for all α, β ∈ (0, ∞) such that α < β, F (α) < F (β); (F2) for each sequence {α n } of positive numbers, lim n→∞ α n = 0 if and only if lim n→∞ F (α n ) = −∞; (F3) there exists k ∈ (0, 1) such that lim α→0 + α k F (α) = 0. Definition 1. (See [22] .) Let (X, d) be a metric space and H : X → X be a map. H is said to be an F -contraction if F ∈ F and there exists τ > 0 such that ∀x, y ∈ X, d(T x, T y) > 0 =⇒ τ + F d(Hx, Hy) F d(x, y) .
From (F1) and (1) it is easy to see that every F -contraction H is contractive, i.e., d(Hx, Hy) < d(x, y) for all x = y ∈ X, and hence it is necessary continuous.
Taking different functions F , we obtain a variety of F -contractions, some of them being already known in the literature. Remark 1. Any Banach contraction of ratio r ∈ (0, 1) is an F -contraction, where F : R + → R, F (t) = ln t and τ = − ln r. Moreover, there exist F -contractions, which are not Banach contractions (see, e.g., [15, 22] ).
Secelean [15] proved the following lemma. (a) if lim n→∞ F (α n ) = −∞, then lim n→∞ α n = 0; (b) if inf F = −∞ and lim n→∞ α n = 0, then lim n→∞ F (α n ) = −∞.
By proving Lemma 1 Secelean showed that condition (F2) in Definition 1 can be replaced by an equivalent but a more simple one:
or, also by (F2 ) there exists a sequence {α n } of positive real numbers such that the limit lim n→∞ F (α n ) = −∞.
In [11] , Piri and Kumam used the following condition instead of (F3) in Definition 1:
(F3 ) F is continuous on R + . For the sequel, we will denote by F M the family of all continuous functions F :
We say that two pairs of self-maps (S, T ), (P, Q) of a metric space (X, d) have a common coincidence point if there exists x ∈ X such that Sx = T x = P x = Qx. Definition 3. (See [18] .) A pair (S, T ) on a metric space (X, d) is said to be:
(a) compatible if lim n→∞ d(ST x n , T Sx n ) = 0, whenever {x n } is a sequence in X such that lim n→∞ Sx n = lim n→∞ T x n = t for some t ∈ X; (b) weakly compatible if the pair commutes on the set of their coincidence points, i.e., for x ∈ X, Sx = T x implies ST x = T Sx.
Definition 4. (See [1] .) We say that a pair (S, T ) on a metric space (X, d) has:
(a) the property (E.A.) if there exists a sequence {x n } in X such that lim n→∞ Sx n = lim n→∞ T x n = t for some t ∈ X. (b) the common limit property with respect to S, denoted by (CLR S ), if there exists a sequence {x n } in X such that lim n→∞ Sx n = lim n→∞ T x n = t for some t ∈ S(X).
Definition 5. Two pairs (A, S) and (B, T ) of self-maps of a metric space (X, d) are said to satisfy:
(a) the common property (E.A.) if there exist two sequences {x n } and {y n } in X such that lim n→∞ Ax n = lim n→∞ Sx n = lim n→∞ By n = lim n→∞ T y n = z for some z ∈ X. (b) the common limit range property with respect to S and T , denoted by (CLR ST ), if there exist two sequences {x n } and {y n } in X such that lim n→∞ Ax n = lim n→∞ Sx n = lim n→∞ By n = lim n→∞ T y n = z for some z ∈ S(X)∩T (X). 
Then the pairs (L, AB) and (M, ST ) share the (CLR (AB)(ST ) ) property.
Proof. Since the pair (L, AB) satisfies the (CLR AB ) property, there exists a sequence {x n } in X such that lim
where z ∈ AB(X). In view of (α), for {x n } ⊂ X, there exists a sequence {y n } ⊂ X such that Lx n = ST y n for all n ∈ N. Hence, by (γ), z ∈ AB(X) ∩ ST (X). Therefore, it suffices to prove that lim n→∞ M y n = z, that is, the limit lim n d(Lx n , M y n ) = 0. Indeed, on the contrary, there are ε > 0 and an infinite set I ⊂ N such that d(Lx n , M y n ) > ε for every n ∈ I. Then, putting x = x n , y = y n in (4) and taking into account that Lx n = ST y n , we obtain
From (5) it follows that one can find N ∈ N such that
Fix n ∈ I, n N . One has
and so, by our assumption,
Consequently max d(Lx n , ABx n ), d(M y n , ST y n ), d(ABx n , ST y n ), d(ABx n , M y n ) 2 = d(Lx n , M y n ).
Now (6) becomes
which is a contradiction. Hence, lim n→∞ d(Lx n , M y n ) = 0. Accordingly,
where z ∈ AB(X) ∩ ST (X), i.e., the pairs (L, AB), (M, ST ) share the (CLR (AB)(ST ) ) property.
In the same manner, one can obtain the conclusion using conditions (α ), (β ), (γ ).
In order to show that the common property (E.A.) of two pairs (L, AB) and (M, ST ) can be deduced from containment of L(X) ⊆ ST (X) and property (E.A.) of the pair (L, AB), we can formulate the following result, its proof being analogous to that of Proposition 1.
Proposition 2. Let A, B, S, T , L and M be self-maps of a metric space (X, d). Suppose that there exists τ > 0 and F : R + → R such that inequality (3) and the following hypotheses hold: 
Main results
We will prove our main results by exploitingĆirić-type F M -contraction for eight selfmaps via (CLR (AB)(ST ) ) property and common property (E.A.). 
where t ∈ AB(X) ∩ ST (X).
Since t ∈ AB(X), there exists a point u ∈ X such that ABu = t. Also, since t ∈ ST (X), there exists a point v ∈ X such that ST v = t.
We claim that d(t, M gv) = 0. Suppose, on the contrary, that d(t, M gv) = c > 0. Then there exist ε > 0, ε < c and N ∈ N such that d(Lf x n , M gv) > ε for all n N . Taking x = x n and y = v in (7), one obtains
for all n N . By passing to the limit in the above inequality, using (8) and the continuity of F at c, we get
which is a contradiction. Hence, d(t, M gv) = 0, which implies t = M gv.
Similarly, we can also obtain t = Lf u = ABu, so u is a coincidence point of the pair (Lf, AB).
Since the pairs (M g, ST ) and (Lf, AB) are weakly compatible and in view of the
In order to show that Lf t = t, assume that Lf t = t. Using again (7), we have
which is a contradiction. Consequently Lf t = t = ABt. Similarly, we also can prove that M gt = t = ST t. Thus, we have Lf t = M gt = t = ABt = ST t, i.e., t is a common fixed point of Lf, M g, AB and ST .
Again, taking x = t, y = St in (7) with the assumption d(Lf t, M gSt) = 0, from condition (iii) we have 
which is a contradiction. Hence, d(Lf t, M gSt) = d(t, St) = 0, i.e., t = St. Thus,
Similarly, we also can show that t = At = ABt = BAt = Bt.
Since f t = f 2 t, gt = g 2 t and Lf = f L, M g = gM , one has
Therefore, in view of the aforesaid, we have t = At = Bt = St = T t = Lt = M t = f t = gt, which shows that A, B, L, M , S, T , f and g have a common fixed point t in X.
Next, we intend to show that this common fixed point is unique. Assume that w is another common fixed point of A, B, L, M , S, T , f and g with w = t. It follows that
which is a contradiction. Hence, d(t, w) = 0, i.e., t = w. Thus, A, B, L, M , S, T , f and g have a unique common fixed point t in X. The proof is complete.
In the next theorem, we will show that one can obtain the results from Theorem 1 without assuming that F satisfies axioms (F2), (F3), respectively (F2), (F3 ). We need first the following lemma. 
Theorem 3. Let consider a complete metric space (X, d) and H a self-map of X for which there are an increasing function F : R + → R and τ > 0 such that (2) holds for all x, y ∈ X, Hx = Hy. If H or F is continuous, then H has a unique fixed point.
Proof. Let any x 0 ∈ X and denote x n = Hx n−1 for n = 1, 2, . . . . If there is n ∈ N such that x n = x n−1 , then x n−1 is a fixed point for H. Assume that d(x n , x n−1 ) > 0 for all n. Then for each n 1, we have F d(x n+1 , x n ) = F d(Hx n , Hx n−1 ) F max d(Hx n , x n ), d(Hx n−1 , x n−1 ), d(x n , x n−1 ),
which is a contradiction. By (9) we deduce recursively
and so F (d(x n+1 , x n )) → −∞. From Lemma 1(a) we deduce that d(x n+1 , x n ) → 0. Now, assume that the sequence {x n } is not Cauchy. Since the function F is monotonic, it follows that the set ∆ of its discontinuities is at most countable.
According to Lemma 2 there exist η > 0, η / ∈ ∆ and the sequences {m k }, {n k } such that
Letting k → ∞ and using the continuity of F at η, one obtains
which is a contradiction. Consequently the sequence {x n } is Cauchy so, the space (X, d) being complete, is convergent to some t ∈ X.
If H is continuous then, clearly, H(t) = t. The uniqueness of the fixed point results easily from (2) .
If F is continuous, the conclusion follows from Theorem 2 taking H = Lf = M g, AB = ST = I X (the identity map), since, in view of the aforesaid, the pairs (Lf, AB) and (M g, ST ) satisfy (CLR (AB)(ST ) ) property.
If we take g = I X (or f = I X ) in Theorem 2, then we can obtain the following coincidence and common fixed point result for seven self-maps. If we take f = g = I X in Theorem 2, we can obtain common fixed point result for six self-maps: If we take T = I X in Corollary 2, we also can obtain the coincidence and common fixed point result for five self-maps as follows: Finally, if we take B = T = I X in Corollary 3, we even obtain the analogous results for four self-maps, which is stated as follows: Using now Proposition 1, we have the following result: Proof. According to Proposition 1 we deduce that the pairs (L, AB) and (M, ST ) have the (CLR (AB)(ST ) ) property. The rest of the proof can be completed along with the routine of the proof of Theorem 2. For the sake of briefness, we omit the tedious presentation.
In the following, we utilize the common property (E.A.) instead of (CLR (AB)(ST ) ) property of (Lf, AB) and (M g, ST ) in Theorem 2 in order to obtain coincidence and common fixed point results for eight self-maps.
Theorem 5. Let A, B, S, T , L, M , f and g be self-maps of a metric space (X, d) .
Suppose that the inequality (7) and the following hypotheses hold: where z ∈ X. Since ST (X) is closed, lim n→∞ ST y n = z = ST v for some v ∈ X. Also, AB(X) being closed, one has lim n→∞ ABx n = z = ABu for some u ∈ X. The rest of the argument can run along with the lines of Theorem 2. Some significant consequences of the previous theorem can be obtained by considering the cases when some of the respective eight functions are I X . Proof. The results follow in the same manner as in the proof of Theorem 5 by changing both f and g with I X .
In the following, we present some examples to support our main results. 
Let {x n } and {y n } be two sequences in X that x n = 4 + 1/n, y n = 3, then 10) , Hence, all the conditions of Corollary 5 are satisfied, and x = 4 is the unique common fixed point of A, B, S, T , L and M . Moreover, all self-maps are discontinuous at common fixed point.
Conclusion
In our main results, we established coincidence and common fixed point theorems for more than six self-maps on metric spaces via common (CLR (AB)(ST ) ) property or common property (E.A.) with neither assuming continuity nor containment of the range space of the involved maps nor completeness of subspace/space, which generalize the result of Tomar et al. [19] from four maps to eight maps, assuming only that F is continuous without imposing conditions (F1)-(F3). Moreover, the maps are discontinuous even at the common fixed point. Whereas, Batra et al. [2] established coincidence point of a pair of self-maps by taking containment of range space of involved maps, completeness of space along with continuity and commutativity of both maps. The weak compatibility used here is indeed weaker than the commutativity of a pair of maps. Since an F -contraction is a proper generalization of a Banach contraction, our results generalize, extend and improve the results of Wardowski [22] and some other ones existing in the literature. Furthermore, the F M -contraction introduced here is weaker than the two versions of F -contractions presented by Wardowski [22] and Piri et al. [11] , respectively.
